We propose a partial solution to the cosmological constant problem by using the simple observation that a three-brane in a six-dimensional bulk is flat. A model is presented in which Standard Model vacuum energy is always absorbed by the transverse space. The latter is a tear-drop like space with a conical singularity, which preserves bulk supersymmetry and gives rise to conventional macroscopic 4D gravity with no cosmological constant. Its cone acts like a drain depleting vacuum energy from the three-brane to the tear drop increasing its volume. We stress that although gravity is treated classically, Standard Model is handled quantum-field theoretically and the model is robust against Standard Model corrections and particular details. The price paid is the presence of boundaries which are nevertheless physically harmless by appropriate boundary conditions.
After so many years of its introduction and so intensive effort to solve it, the cosmological constant problem remains one of the most provoking and challenging problems in modern physics. Many attempts have been initiated with partial or no success as one may verify from the huge literature on the subject (see [1] for reviews and references). Among the many proposals, the brane-world scenario, according to which our world is a three-brane floating in a higher-dimensional bulk, opened up the possibility of reconsidering the cosmological constant problem on a new basis [2] - [6] In this framework, we will present here a new approach to the problem which is based on the simple observation that a p-brane, independently of its tension, in a p+3-bulk is always flat [7] . As a result, a three-brane in a six-dimensional spacetime will always be flat for any value of its tension. However, there exists a restriction: The compactness of the transverse two-dimensional space, required for the existence of conventional 4D gravity on the brane, is achieved for special values of the brane tension, or otherwise, additional branes of correlated tensions are needed [8] - [12] , so that some kind fine-tuning cannot be avoided [13] . We bypass this constraint by adopting a non-compact transverse 2D space of finite volume in order to have a massless 4D graviton. Such spaces proposed in the past [14] - [19] and it is known that their non-compactness creates problems, the most dangerous of which are connected with conservation laws (like energy, charge e.t.c). These problems however, may be avoided by appropriate boundary conditions and non-compact spaces of finite volume can be physically acceptable.
Here we employ as internal 2D space a finite-volume cone. It may soak up all vacuum energies produced by fields confined in the three-brane at its apex as long as the bulk cosmological constant is zero. We should stress that the cosmological constant we are refer to is connected to the pure Standard Model (SM) sector (SM vacuum energy ∼ Λ 4 , for a cutoff Λ). We are ignoring quantum gravity contributions (due to graviton loops in Feynman diagrams), which although non-zero, are suppressed by inverse powers 1/M 2 * of the bulk Planck mass M * . We also mention that the three-brane preserves half of the bulk supersymmetries.
To make the discussion concrete, let us consider a three-brane in a 6D spacetime with coordinates (x µ , y m ), µ, ν = 0, ..., 3, m, n = 1, 2. The 6D Einstein equations are
where M * is the 6D Planck mass and the energy-momentum tensor on the right-hand side of eq.(1) for the three-brane configuration is given by
In particular, if the brane is localized at y m = 0 in the transverse space, its energy density is of the form ρ = ρ 0 δ (2) (y). Einstein equations (1) can also be written in the form
where T = T M N g M N is the trace of the energy-momentum tensor and using eq. (2), we find that
As a result, a three-brane in a 6D bulk spacetime is flat irrespectively of any vacuum energy produced by phase transitions, supersymmetry breaking or quantum effects on the threebrane world-volume. All these effects can only be seen on the transverse two-dimensional space, and will be absorbed into the curvature of the two-dimensional geometry. It should be noted that this discussion is not restricted to three-branes but it is rather general and one may easily show that the world-volume of a codimension 2 brane is always Ricci-flat. This simple observation, that the flatness of a three-brane in a 6D bulk spacetime is automatic and independent of any vacuum energy on the brane is our proposal for the vanishing of the cosmological constant in four dimensions. However, there is an obstruction. Namely, the transverse space should be as usual a compact two dimensional surface since the conventional four-dimensional physics should be recovered for length scales larger that the characteristic length (radius) of the compact surface. In this case then, taking the trace of eq.(4) and integrating it over the transverse 2D compact space we get
where χ is the Euler number. For a compact space, χ should be 2−2g where g = 0, 1, ... is the genus of the 2D surface. As as result, compactness of the 2D space spoils our attempt, since (5) is not valid for any value of ρ 0 but rather for some special value. Alternatively, putting a three-brane at some point with some arbitrary ρ 0 , there should be conical singularities somewhere, produced by other three-branes of fine-tuned tension such that eq. (5) is satisfied. Definitely this is not a solution to the cosmological constant problem as special values of the brane tension or fine-tunings are required. A simple way out of this is to assume a non-compact transverse space as for example surfaces with some points removed. In this case, the condition (5) is relaxed to
for n points removed of deficit angle δ i each, from the genus g surface. For a sphere for example and one point removed, we have actually that ρ 0 = M 4 * δ. Adopting the proposal of a non-compact internal space, we are facing a new problem. A smooth non-compact space has infinite volume so that the four-dimensional Planck mass M 2 P = M 4 * V will be infinite. As a result, gravitational interactions will be actually sixdimensional and not four-dimensional as we would like. The solution here is to assume that the non-compact surface has finite volume. In this case we expect singularities and several pathologies like continuous spectra, violation of conservation laws for energy, momentum, angular momentum e.t.c. caused by possible leakage from the singular points. Thus, in order our proposal to be viable, all these pathologies should be avoided. Then, the three-brane will be always flat for any value of its tension neutralizing this way any four-dimensional cosmological constant, at least the one which is connected to vacuum energies. We will present below such a solution based on the tear-drop solution of Gell-Mann and Zwiebach [16] , [17] .
The set up of our proposal is the following. We consider a three-brane with all SM (or its extensions) degrees of freedom confined to it. The ambient space is a six-dimensional bulk spacetime with no cosmological constant. SM fields interact with the bulk through gravitational interactions. There are also two scalars, an axion b and a dilaton-like φ, which are combined into the complex scalar τ = τ 1 + iτ 2 = b + ie −φ . The latter parametrizes SL(2, R)/U(1) and it is coupled to 6D gravity in the presence of a three-brane. The action is
where L SM is the Lagrangian describing the SM physics on the three-brane at y = 0. It should be stressed that we do not couple the dilaton to the three-brane. This is possible if the dilaton is part of a bulk neutral hypermultiplet for example, and thus does not couple at all to the SM fields, or it is fixed on the brane, if couples, i.e., δS brane /δφ = 0 has a solution φ = const. We may take into account all SM quantum corrections by integrating out SM degrees of freedom and replace the brane action by the full 1PI effective action Γ SM eff . The equations of motion are then
where
is the brane energy-momentum tensor. In the vacuum we have Γ
where V eff is the SM effective potential. As a result, the brane energy-momentum is of the form eq.(2) with ρ = ρ 0 δ (2) (y) and ρ 0 is the value of the effective potential at its extremal value, ρ 0 =<V eff >, i.e., the cosmological constant. Assuming that
and τ = τ (y m ), eq.(8) turns out to be
Thus, the four-dimensional space is always flat independently of the three-brane tension.
Writing the transverse space metric in complex coordinates (z,z), we have
and the scalar equation eq.(9) turns out to be
Eq. (14) is solved for holomorphic (antiholomorphic) τ , τ = τ (z) (τ = τ (z)) and the second equation in eq. (12) is then written as
The solution to eq. (15) is
and the 2D metric turns out to be
where F (z) = exp 2f (z). Note that, for any homolorphic τ = τ (z), there exists a corresponding 2D metric (17) and we will assume that τ is regular at z = 0 approaching a constant, as nothing special for the scalars happens at this point. Here we will consider
which leads to the 2D metric
Eq. (18) is easily recognized as the conformal mapping of the upper-half plane to the disc of radius R in the complex plane, whereas the Gell-Mann-Zwiebach case corresponds to ρ 0 = 0, b = 1. Clearly, there exist a singularity at |z| = R and a deficit angle
as we already know from eq.(6). ( For a metric like |z −δ/2π dz| 2 we may define ζ = z
such that the metric is the conventional |dζ| 2 . However, as z undergoes a 2π rotation around zero, ζ does not complete a full circle but rather leaves a deficit δ.)
This space is definitely non-compact and its volume is
which is finite as the condition a < 1 is easily satisfied for ρ 0 = M 4 s with M s < M * , where M s is the 4D supersymmetry breaking scale.
There is a number of points we would like now to discuss. These are consistency checks for the solution we propose and include, conservation of energy, momentum etc., Newton's law on the three-brane, bulk supersymmetry, nearby curved solutions and the 4D effective description and the Weinberg's theorem.
I. Conservation laws
It is clear that the symmetries of the background are space-time translations and rotations and U(1) rotation along the longitudinal (brane) and transverse directions, respectively. These symmetries are connected with conservations laws and in particular with energy, momentum, angular-momentum and U(1) charge. However, these quantities may not be conserved due to the non-compactness of the transverse space since energy or momentum, for example, may leak from the boundary of the space. This situation is reminisent to open strings as the world-volume of the latter have a boundary. In that case, Neumann boundary conditions prevent momentum to flow off the ends of the string. Here, we hope that there are similarly boundary conditions that make the r = R boundary physically acceptable. To examine this, let us consider a massless scalar field Φ in the 6D spacetime which satisfied
The spacetime metric around r = R is of the form ̺ −1 (d̺ 2 + dϕ 2 ), where ̺ = 1 − |z|/R and the solution to eq. (22) are Airy functions. What we would like to stress, is the existence of conserved quantities, like energy, momentum , angular momentum and U(1) charge which are connected to the corresponding Killing vectors 
For momentum conservation for example, we get the Newmann boundary condition
which is enough to prevent not only momentum but also energy, angular-momentum and U(1) charge to flow off the boundary. Turning to metric perturbations g M N =ḡ M N + h M N , whereḡ M N is the background metric, it is known that for any isometry group G generated by the Killing vectors ξ 
Here, p, q = 1, 2, ..5 parametrize a fixed-time hypersurface and
In our case the boundary integral (25) has two pieces, one from integrating over the volume along the three-brane and the boundary of the transverse space and one from integrating over the volume of the transverse space and the boundary along the brane directions. The second part is regular as the volume of the transverse space is finite. We should examine only the first part, namely integration over the boundary of the tranverse space which is just an S 1 parametrized with the angular variable ϕ. To study energy conservation we should consider the Killing vector ξ M = δ 0 M , which generates time translations. The corresponding charge, the mass M, is
where ̺ = 1 − |z|/R so that the boundary is now at ̺ = 0. This expression is exactly the same as in [17] and the result is that the Neumann and Dirichlet boundary conditions
ensure not only the conservation of energy but the conservation of momentum, angularmomentum and U(1) charge as well.
II. KK modes
Another danger is that although the 4D Planck mass is finite with a finite-volume internal space as in our case, it may happen that the spectrum of KK modes is continuous with no mass gap due to the non-compactness of the internal space. Then gravity may be 6D with gravitational interactions of the form 1/r 3 instead of the conventional 1/r behavior. In our case it is relatively easy to see that the spectrum of scalar excitations in the internal space have discrete spectrum. Indeed by writing the 4D graviton h µν (x, z,z) = h µν (x)ψ(z,z), we find that the spectrum of the 4D graviton is related to the eigenvalue problem −∇ 2 ψ = M 2 ψ on the transverse 2D space. For the metric (37) and with z = re iϕ we get
Expanding ψ in Fourier modes, ψ(r, ϕ) = ∞ n=0 ψ n (r)e inϕ , the above equation can be solved exactly for b = 1 − a. The regular solution at r = 0 is
By imposing Neumann boundary conditions at r = R we get the condition
This equation can be solved graphically as shown in Fig.1 for n = 0, 1, 2, 3. Clearly we have a discrete spectrum with a massless mode ψ 0 = C 0 corresponding to the 4D massless graviton. We thus have the conventional 4D 1/r Newton law, while the KK modes give rise to the Yukawa-type corrections of strength 2 and range ∼ 1/V 1/2 2
[22] with the well-known constraints on V 2 , the volume of the internal space [23] . 
III. Supersymmetry
The next issue we would like to address is supersymmetry. This is a crucial point as we have assumed that the bulk cosmological constant is zero and the only proposal we have for achieving this is bulk supersymmetry. The context here is the chiral 6D N = 1 sypergravity. We recall that in 6D, the minimal chiral N = 1 supersymmetry has vector, hyper, tensor and gravity multiplets. We assume that the scalars we are employing here belong to a neutral hyper. The latter contains, besides τ , others scalar {σ} and both (τ, σ) = Φ i , i = 1, ..., 4 parametrize the quaternionic space 
have zero mode. We have defined Q AB i , V i aA as the composite Sp(2) ′ connection and the coset vielbeins, respectively.
It is more convenient, and in order to directly compare with the teardrop case, to use the complex scalar Φ = (i + τ )/(1 + iτ ), employed in [16] , which parametrize SU(1, 1)/U(1). In the vacuum we assume that all fields except gravity and Φ, are zero. In this case, the supersymmetry condition for the vanishing of the fermionic shifts takes the form
where, as usual, Γ IJ = [Γ I , Γ J ]/2 and Q M is the composite U(1) connection
It is not difficult to see that as long as the 4D supersymmetry is unbroken, i.e., ρ 0 = 0, the bulk is also supersymmetric as there are zero modes to eq.(34). This is the teardrop case and it is known that it preserves susy [16] . Indeed, defining ǫ A ± as Γzǫ A + = 0, Γ z ǫ A − = 0, and using eqs.(18,37) we easily verify that the background preserve half of the supersymmetries (the one which are generated either by ǫ + or ǫ − ) as the composite gauge field Q M exactly cancels the spin connection [27] .
When the 4D supersymmetry is broken, ρ 0 = 0, there are no solutions to eq.(34). In fact, there exists a solution ǫ + ∼z −α ǫ 0 , which, however, is not globally defined due to a phase acquired by ǫ + as it goes around z = 0. This is a known effect, spaces with deficit angle do not admit global Killing spinors [24] - [28] . The only way to keep supersymmetry is to make use of an Aharonov-Bohm phase which will cancel the phase associated to the spin connection of the conical space [26] . For this we need a U(1) vector A M in the 6D theory which is coupled to the gravitino of charge g. This means that this U(1) can be a subgroup of the Sp(2) R-symmetry of the N = 1 6D theory. Then, we should replace the derivative acting on ǫ with ∂ M ǫ − igA M ǫ. The field strength of A M should be zero since otherwise it would contribute to the Einstein equations invalidating our solution. The potential A M can be non-zero as the conical space is non-simply connected and we may take
Clearly, A has vanishing field-strengh F = dA but it cannot gauged away globally due to the conical structure. Then the condition for supersymmetry is written as
where a is given in eq. (20) . There is a solution for β = a/2g, since in this case the AharonovBohm phase cancels the phase acquired by the Killing spinor going around the apex of the cone at z = 0. Thus, in this case supersymmetry is preserved even after brane supersymmetry breaking. An interesting aspect is that althoug bulk supersymmetry is partially broken, there is no associated Nambu-Golstone fermions as an infrared divergence renders the would-be Nambu-Golstone fermions non-normalizable and thus, project them out from the physical Hilbert space [25] , [26] , [27] . However, it is not obvious how you can keep hypers neutral when the R-symmetry is gauged 1 so the implementation of the above proposal is not clear. Nevertheless, the necessary Aharonov-Bohm phase may be provided by the composite U(1) connection itself. This can be done in the context of the chiral 6D N = 1 or N = 2 supergravity. The latter can be obtained by compactifying 10D type IIB theory on a K3 surface. After an SU(1, 1) transformation Φ → (uΦ + v)/(vΦ +ū) with uū
. By employing this observation, one may easily verify that the solution 
IV. Nearby Curved Solutions
We have not examine yet the possibility of curved 4D "lognitudinal" brane metrics in eq. (13) . For example, we might have looked for solutions of the form
where,ĝ µν is a metric of de Sitter or anti-de Sitter space of cosmological constant λ, i.e, g µν = (−1, e 2λt , e 2λt , e 2λt ) , or ,ĝ µν = (−e 2λx 3 , e 2λx 3 , e 2λx 3 , 1) ,
respectively. Although, we cannot prove in general that there are no such solutions, we can show that flat Minkowski three-branes are the only possibility for some generic cases like holomorphic and rotational invariant, in the transverse 2D space, scalar τ . It is easy to see that for a 4D metric of the form (39), the scalar field equations can still be solved for holomorphic τ = τ (z). From Einstein equations (12), we then get B = 0 , λ = 0 and, thus, there are no nearby curved solutions to the holomorphic solution.
However, this does not exclude curved 4D metrics for non-holomorphic scalar τ . For example, we may consider a 6D spacetime, which is maximally symmetric in the 4D lognitudinal brane directions and rotational invariant in the transverse 2D space. The symmetry of such a spacetime is G×O (2), where G is the Poincaré, the de Sitter or the anti-de Sitter group. We will look for solutions of the form A = A(r) , B = B(r) , τ = τ (r), where r 2 = zz such that, for r close to zero τ = const + . . . , B = −a log r + . . .
as τ is not coupled to the three-brane and, thus nothing special is experienced by τ at r = 0. It can be then verified that the Einstein equations (12) leads to the following behavior of the A A(r) = const + . . . , λ = 0 .
As a result, regularity of τ at r = 0, determines the symmetry of the metric to be Poincaré×O (2) and there are no nearby curved solutions for this case either.
V. Effective 4D description and Weinberg no-go theorem
An important aspect is the effective 4D theory as it is experienced by a 4D observer on the three-brane. It can be obtained by integrating out all bulk degrees of freedom. For this, we compactify the 6D theory as described by the action eq.(7), on the internal 2D space with metric 37). The 6D metric may then be written as
where,
is the metric of the internal 2D space and its volume has been promoted to a 4D scalar Φ = Φ(x µ ). Thus, we are expecting in the 4D effective action a graviton g µν and a scalar Φ, whereas the graviphoton A µ = g µϕ , corresponding to the U(1) symmetry of the internal space z → e iψ z has been omitted as it is not important for the following. A more complete discussion for the 4D spectrum can be found in [17] . Using (42) in eq. (7), the 4D effective action turns out to be
The 4D Planck mass M P is finite and given by
and
is the SM action, where by H we denote collectively all SM fields. Integrating out all SM degrees of freedom and replacing L SM by the full 1PI effective action Γ eff , we have in the vacuum
Finding flat space solution ammounts to minimize the 4D effective action (47) for constant metric and scalar g µν = η µν , Φ− = Φ 0 . In this case we have
and we are facing Weinberg theorem: GL(4) invariance determines the form of (49) and fine-tuning is needed to arrange C = 0 in order to satisfy the field equations. This is indeed true in a pure 4D setup. Here, however, the value of C is determined dynamically as it is related to the background bulk equations. A close insection of eq.(12), gives then that
Recalling that ρ 0 =<V eff > and using eqs.(45,48) we get immediately that
Thus, for the 4D observer at the three-brane, the 4D cosmological constant is always zero. As we have only use equations of motions, no fine-tuning required for this result. Weinberg theorem is valid and the value of the effective action is proportional to the volume element. Just it happens the proportionality factor to be zero, not because of fine-tuning, but rather due to bulk dynamics, which forces the 4D cosmological constant to be zero as a result of an exact cancellation of the brane tension by the transverse curvature. This can also be verified by calculating the effective vacuum energy density ρ eff . The later is given by
and one easily finds that ρ eff = 0.
We have presented above a partial solution to the cosmological constant problem based on a 6D setup. In particular, we have shown that a three-brane floating in a six-dimensional bulk is always flat independently of its tension. Of course this is not enough as there is a number of constraints that should be satisfied, such as the finite value of the 4D Planck scale, the vanishing of the bulk cosmological constant e.t.c. We have discuss all these constraints in the case of a finite-volume and non-compact internal space like the tear-drop with a cone singularity. It seems that the solution we propose is consistent with conservation laws, KK spectrum, supersymmetry, nearby curved configurations as well as with Weinberg theorem. We should stress that there are no fine-tunings involved in the present setup. The cone is adjusted itself for any value of the cosmological constant such that the biggest the cosmological constant, the sharpest the apex of the cone and the largest the volume of the tear-drop. In a sense, the cone acts as a drain, depleting vacuum energy from the brane to the tear-drop increasing its volume.
